1. Basic Identities

1. Idempotent Laws

« AUA=A

« ANA=A
2. Identity Laws

« AU =A

« ANU=A

(U = Universal set, & = Empty set)

3. Domination Laws

« AUU=U
s AN@ =0
4, Complement Laws
« AUA=U
« ANA° =2
5. Double Complement Law
o (A=A

2. Commutative Laws
1. Union Commutative
« AUB=BUA
2. Intersection Commutative

« ANB=BnNnA

3. Associative Laws
1. Union Associative
« (AUB)UC=AU(BUCQC)
2. Intersection Associative

« (ANB)NC =AN(BNC)

9. Principle of Inclusion—Exclusion (PIE)

« Fortwo sets:

4. Distributive Laws
1. Union over Intersection
« AU(BNC)=(AUB)N(AUC)
2. Intersection over Union

« AN(BUC)=(ANB)U(ANC)

5. Absorption Laws
1. Union Absorption
« AU(ANB)=4
2. Intersection Absorption
« AN(AUB)=A

6. De Morgan's Laws
1. Complement of Union
« (AUB)°=A°NB*°
2. Complement of Intersection

« (ANB)*=A°UB*

7. Set Difference & Symmetric Difference

1. Set Difference

« A-B=AnNBKB*
2. Symmetric Difference

« AAB=(A—-B)U(B—4)

« Equivalent AAB = (AU B) — (AN B)
3. Symmetric Difference Properties

« AAA=g

« AAp=A

« AAB = BAA

« (AAB)AC = AA(BAC) (As: \ ative)

|AUB| = |A| +|B| - |AnN B|

« For three sets:

[AUBUC|=|A|+|B|+|C|—-|AnB|-|ANnC|—-|BNC|+|ANnBNC|

« General case for n sets Ay, As, ..., Ay

Ua

i=1

=3 A=Y JAN A+ AN AN A — -+ + (1) A N

N Ay

8. Other Useful Laws

1.

10.
. Disjoint Sets

11.

. Distributive with Union/Intersection

12.
. Definition: P(A) = {X : X C A}

Subset Laws
« ACB «— AUB-=B
« ACB <— ANnB=A

. Complement Laws with Universal/Empty Set

s Us=02
e *=U

. Law of Nullification

« AN(A°UB)=ANB
- AU(A°NB)=AUB

Disjointness & Partition Laws

« fANB =@, then|AUB| = |A| + |B|.

. Partition of Universal Set

o If{A;, Ay,..., An}is a partition of U, then
« AiNA; =wofori# j,and
« AjUAU---UA,=U.

Cartesian Product Laws

¢« Ax(BUC)=(AxB)U(AxC)
¢« Ax(BNC)=(AxB)n(AxC)

. Empty Set Rule

s Ax@=0
s IXA=0@

Power Set Properties

2. Size: |P(A)| = 24
3. If A C B,then P(A) C P(B).



1. Definition of a Function 3. Counting Functions
Let|A| =m, |B| = n.

1. Total number of functions from A — B:

» Afunction f : A — B is arule that assigns each element of set A (domain) to
exactly one element of set B (codomain).
» Domain = input set ™

Codomain = possible outputs
* P P (Each of the mm elements in A has n choices.)

* Range = actual outputs used 2. Number of injective functions (m < n):
n!
nP A
™7 (n—m)!
) Types of Mappings 3. Number of surjective functions:
1.
(A) Based on Image Coverage nl - §(m, n)
1. Injective (One-to-One) where S(m, n) = Stirling number of the 2nd kind = ways to partition m elements into
« No two elements of A map to the same element of B. e L U
L f(ml) = f(-TZ) — T = T3. Alternate formula (Inclusion-Exclusion):
2. Surjective (Onto) n 2
: _ k
« Every element of B is mapped by at least one element of A. Surj(m, n) = Z(*l) (k) (n— k)™
k=0
* Range = Codomain. 4. Number of bijective functions (m = n):

3. Bijective (One-to-One Correspondence) al
« Both injective and surjective.
« Perfect pairing: each @ € A maps to a unique b € B, covering all of B.
« Invertible: £ exists. 4. Important Notes
= If m > n,injective functions do not exist.
« |If m < n, surjective functions do not exist.

« Bijective « ™ = n and all elements are paired uniquely.

(B) Special Types
+ Identity function: f(z) = z forallz € A.
« Constant function: f(x) = cforallz € A. 5. Graphical Representation
= Many-to-one function: Different inputs can map to the same output. « Function passes the Vertical Line Test (each x has exactly one y).

« Into function: Not all elements of B are covered (Range C Codomain). = Injective passes the Horizontal Line Test (each y has at most one x).
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nario where a ball is randomly placed in one of n boxes, each with probability P; for box 1. If the
i, a search of that box will uncover it with probability cx;. The cond ability that the ball is
x 7, given that a search of box i did not uncover it, is

o

—

A. P( ball in box j | not found in box #)

?

B. P( ball in box j | not found in box ¢) 3

7.1
P\

C. P( ball inbox j | not found in box 1)

?( Lesrth i

D. P( ball in box j | not found in box i)

EQ

\

i — o _
flgéayﬁ E’[H-QB/HB“_;]; P(1ell=4) z = & e
k=

cf{. alin_anto F
" Intuition wise there is a method without pen and paper.

NN
P[M = ..._3/6 = ﬁ 1) Each element being inside A or B is independent from each other, for n elements.
g

Let Xi be indicator RV for ith element € A
Let Yi be indicator RV for ith element € B

Therefor any element i [ Xi, Yi] € {(0,0), (0,1, (1,0), (1,1) }
Each element has 3/4 probability for (not being in A or being in both A & B)
There for A being subset of B for n elements is (3%)"n (edited)

EXAMPLE 4.5g A secretary has typed V letters along with their respective envelopes. The
envelopes get mixed up when they fall on the floor. If the letters are placed in the mixed-up
envelopes in a completely random manner (that is, each letter is equally likely to end up
in any of the envelopes), what is the expected number of letters that are placed in the

correct envelopes?
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Question

10
b -X
ﬁ 19) Lg\ H iy Hﬁ
Let (X, Y) be random variables having the joint probability mass function ’P}H

Fx,y) = { (")) E)TFE)T x=01,.,10y=0,1,....5

7 -X- 1\ Y2
0, otherwise = (l}fs e{/} @ (_nB (‘f)
LetZ =Y — X + 10. Then E[Z] equals

(Answer till two decimal places)
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A coin comes up heads with probability 0.25 and tails with probability 0.75. The coin is Jﬂt’ E%IT) = ﬂ.r

lipped repeatedly until the sequence T, T, H appears for the first time. That is, flipping E X]Tﬂ - r{_ﬂ_
ktops when the mast recent three outcomes are T, T, H. Let X be the number of flips

equired to observe this pattern. Find the expected value E[. \
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The time it takes a central processing unit (CPU) to process a certain type of

job is normally distributed. A term é’f is defined as:

15

~2 1 2

7] =I5 Tn
15

n=1

where z,, represents the observed processing times for each job in a sample

of 15 jobs, and the sample mean is 0.
The expected value of &7 is known to be 452.

What is the probability that the variance of this sample will exceed 127

& Sonvine = L 2 o -

n-l
f(}q7 !ED—; ?Cé@? fEéﬂ;P) 2 ?L’/” >

The Chi-Square Statistic for Sample Variance

The formula that transforms a sample variance (s%) into a variable that follows a chi-

square (y?) distributionis: @

2 _ (n—1)s?

ol

where:
¢ nis the sample size.
« s?is the sample variance.

« o2 is the true population variance (a known or hypothesized value).

» The resulting ° statistic has v = n — 1 degrees of freedom. @

Conditions and Rationale

¢ Assumption of Normality: The underlying population from which the sample is drawn

must be normally distributed. This is a strict requirement for this relationship to be

valid.

« Degrees of Freedom: The use of n — 1 (degrees of freedom) rather than n in the
numerator accounts for the fact that the sample mean () is used to calculate the

sample variance. Calculating deviations around the sample mean, instead of the true

population mean, causes the sample variance to slightly under-estimate the
population variance, and the n — 1 correction addresses this bias.

Nature of the Distribution: The value is always positive, consistent with the
properties of both variance and the chi-square distribution. The chi-square

distribution itself is defined as the sum of the squares of independent standard normal

random variables. @
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A biased coin is flipped repeatedly. Let N denote the number of flips required

until two of the most recent three flips are heads. (For example, if the first two

flips are heads, then IN = 2.) Compute the expected value of IN, given that the

probability of heads is 0.5.

Let a1, az, a3, a4, as be independent random variables such that
a; ~ Uniform(0,7), i=1,2,3,4,5. a,— "™

What is the probability that y < X1

a1<a2<a3<a4<a5 | z
2
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Let (X, Y") be a random vector such that, for any y > 0, the conditional probability density
function of X given Y = yis:

fxiy=y(z) =ye™™, z>0.
The marginal probability density function of ¥ is:

g(y) =ye?, y>0.

Find E[Y'| X = 1] (correct up to one decimal place)
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Let the random vector (X, ¥) have the joint distribution function: o
e X0 I’ﬁc'
0, ifz <0ory<0, D
F(z,y)={1—e*, ifz>0and0<y<1, é(ﬂl"b =

=e= ifz >0andy>1.

Let Var(X) and Var(Y') denote the variances of the random variables X and Y, respectively.

Compute:

16 Var(X) +32Var(Y). —-)
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is spun once to determine the experimental value of random vari Random varia

Oue of two wheels of fortune, A and B, is selected by the lip of a [air coin, and the wheel C]loh‘;‘:l

the reading obtained with wheel

are described by the PDFs
—.__’____———,_"7

h@):{

If we are told the experimental value of X was less

1, 0<y<s
0, otherwise,

that-wieel A was the one selected?

o]ty = A o x<!ufo) =~ "2 = e
. oA PN
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4 /"Q(Xh
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and random variable W, the reading obtained with wheel B,

3, O<w< lﬁ
0, otherwise.

and fw(w) = {

n %, what is the conditional probability
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Let (X, Y) have a bivariate normal distribution with the joint probability den#i{y function:

fX'Y(z’ y) o ;e(%w—gﬂ_%ﬁ)’ —0o0 < & y< 0.

Compute 8E[XY].
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Random variables X and Y are distributed according to the joint PDF
Fr vl J Hgr®if 1<z <2and 0< y < z.
yv(z,y) = :
I XY 4 0, otherwise.
(a) Evaluate the constant a.

(b) Determine the marginal PDF fy-(y).

(¢) Determine the conditional expectation of 1/X given that Y = 3/2.

(d) Random variable Z is defined by Z =Y — X. Determine the PDF fz(z).
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Consider a sequence of independent Bernoulli trials with probability of success in each trial as l‘ ;

The probability that two successes occur before three failures is equal to
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